We compute the leading logarithmic behaviour of the cross-section for the production of a pseudoscalar Higgs boson in gluon-gluon fusion to all-orders in perturbation theory, in the limit of large partonic centre of mass energy. We also calculate the Higgs rapidity distribution to the same accuracy. We include the contributions of top and bottom quarks, together with their interference. Our results are given in terms of single and double integrals, evaluated explicitly up to next-to next-to leading order (NNLO). We use our results to improve the known NNLO inclusive cross-section computed in the effective theory where the fermions in the loop are integrated out. The size of finite fermion mass effects on the inclusive cross-section is found to be small, reaching a few percent only for large values of the pseudoscalar mass.
Introduction
The first collisions at the Large Hadron Collider (LHC) at CERN marked the beginning of a new era in particle physics. The four primary experiments at the LHC have started taking data at energies never explored before. Their main target is to understand electro-weak symmetry breaking and the origin of mass in the universe. Over forty years after its proposal, the Higgs mechanism for giving mass to fundamental particles will finally be tested. Supersymmetric theories generally predict a richer Higgs sector than the Standard Model (SM). In the Minimal Supersymmetric Standard Model (MSSM) for instance one introduces two complex Higgs doublets, which originate five physical Higgs bosons: two neutral scalars (h, H), two charged scalars (H ± ) and, finally, a neutral CP-odd state (A).
The most important production channel for the pseudoscalar Higgs boson at hadron colliders is gluon-gluon fusion, via a fermion loop, and associated production with jets. However, the phenomenology is much richer than the case of the SM Higgs, because the coupling of the pseudoscalar to the up-type quarks decreases with tan β = v 1 /v 2 (the ratio of the two vacuum expectation values), while the one to down-type quarks increases. As a consequence the coupling to the b-quark becomes important and eventually dominates the top contribution for tan β ≥ 10 (for a recent review see for instance Ref.
[1]).
In collinear factorization, the production cross-section for gg → A can be written as σ(α s ; x h , m A ; m t , m b ) = i,j=q,q,g
where x h = m 2 A /s and both renormalization and factorization scales have been set equal to the pseudoscalar mass m A . The partonic cross-section σ ij has been computed in QCD at next-to-leading order (NLO) [2] :
(1) ij
The NLO corrections turned out to be large (O(70%)) and motivated a NNLO calculation. However, a full treatment would require the evaluation of 2 → 1 diagrams at three loops with massive lines. For this reason the NNLO corrections have been computed in an effective theory [3] in which one integrates out the contribution of the heavy fermion running in the loop [4, 5, 6] . This approximation at NLO works very well, far beyond its naive range of validity, essentially because the cross-section is dominated by the emission of relatively soft gluons which cannot resolve the fermion loop. However, in the MSSM this approximation is more delicate because the mass of the pseudoscalar can be much larger than the top mass. Furthermore, at large tan β, the coupling to the b-quark becomes increasingly important and the use of the effective theory less justified. It is therefore important to quantitatively asses the role of finite fermion mass corrections beyond NLO. In the case of SM model Higgs production, recent analyses [7, 8, 9] confirm that also at NNLO finite fermion mass effects are negligible. Those analyses are based on an asymptotic expansion of the Feynman diagrams in inverse powers of the heavy fermion mass m f . However, it was soon realised [10] that this expansion fails to converge in the limit of large partonic centre of mass energyŝ (i.e. small x = m 2 Higgs /ŝ), and it gives rise to a spurious power growth. Fortunately the small-x bevahiour of the partonic coefficient functions can be computed using a technique called k T -factorization [11, 12] . This has been done in the case of the SM Higgs in [13, 14] and combined than with the asymptotic expansion in Refs. [7, 8, 9] .
In this letter we explicitly compute the small-x behaviour of the partonic cross-section for gg → A at NNLO QCD and we match it to the effective theory result, which can be viewed as the zeroth order in the asymptotic expansion. This enables us to give a first estimate of finite fermion mass effects in NNLO pseudoscalar production.
The off-shell cross-section
We use k T -factorization [11, 12] to determine the leading logarithmic behaviour at small-x (LLx) of the partonic coefficient functions to any desired order in the strong coupling. We start by considering gluon-initiated subprocesses only, as the other partonic channels can be derived using colour-charge relations. Thus, we compute the leading order cross-section for the production of a pseudoscalar Higgs, keeping the incoming gluons off their mass-shell In order to determine the high-energy behaviour of the cross-section it is convenient to write the kinematics in terms of:
we also find useful to introduce the following dimensionless ratios:
In this notation the one-loop amplitude looks like
where to make contact with the case of a scalar Higgs boson of Ref. [13] , we have introduced the dimensionless form factor
In order to obtain the off-shell cross section in k T -factorization, we specify the polarization vectors ǫ i to be
we then square the matrix element Eq.(11), sum (average) over final (initial) state colour and spin and multiply by the phase space factor dP, obtaining
where we have introduced the Fermi constant
and the azimuthal angle ϕ between the transverse components of the incoming momenta. The small-x leading logarithms of the collinearly factorized coefficient function can be computed by considering an impact factor, which is defined as the triple Mellin transform of the off-shell cross-section Eq. (14):
where we have performed the N Mellin using the delta function. We remind the reader that the above impact factor leads to a result for the collinear factorized coefficient functions which is not in MS.
The mismatching between the two factorization schemes is known and described by an overall factor R [12] . However, we are interested in the expansion of the resummed result at NNLO and the scheme dependence starts one order higher:
Therefore, at the accuracy we are working at, we can safely ignore all issues concerning the scheme dependence of our results.
Determination of the high-energy behaviour
The leading small-x singularities of the coefficient function can be now determined from the impact
, the anomalous dimension which is dual to the leading order BFKL kernel [19] :
and then expanding in powers of α s (i.e. in powers of M 1 , M 2 ), taking the N → 0 limit. Before computing the M Mellin transforms in the full theory, it is instructive to look at the result in the heavy fermion approximation. In this effective theory we expect a spurious double logarithmic behaviour at small-x [11, 20] . We investigate this case in the following section.
Heavy fermion approximation
We consider the case where there is only one fermionic flavour running in the loop, which is infinitely massive. We have
so the impact factor becomes
From the expression above it is clear that one cannot set N = 0, because the ξ i integrals would then diverge for every value of M 1 , M 2 . The situation is totally analogous to scalar Higgs production and double high-energy logarithms appear to all orders in perturbation theory [20] . The angular integration can be performed in terms of hypergeometric functions, but it is easy to see that it is actually safe to set N = 0 inside the angular integral. The azimuthal integration then trivially gives:
where we have introduced the leading order cross-section in the heavy fermion limit
We note that the pseudoscalar cross-section differs from the scalar one by a numerical factor 9/4. This is expected as the two effective Lagrangians are
In the heavy fermion approximation, once we have factored out the leading order result, the high-energy leading (double) logarithms are the same for scalar and pseudoscalar Higgs:
The LLx result in x-space is easily obtained by inverting the Mellin transform:
So far we have been considering the gluon-gluon channel only. The generalization to all the other partonic subprocesses is straightforward in the high-energy limit [11, 12] . We obtain
The above results Eq. (24), (25) agree with the small-x limit of the known NNLO coefficient functions [5] .
Finite fermion masses
We now go back to Eq. (15) in order to compute the LLx behaviour in the full theory, with top and bottom quarks running in the loop. We first notice that the presence of the form factor |C 0 | 2 ensures that the M Mellin transforms have finite radius of convergence when N = 0. We write the impact factor as the sum of different contributions: the ones coming from the square of each diagram and then interference ones:
. (26) where we have introduced:
with
In particular when τ f = τ f ′ , the LO contribution to the cross-section is
The high-energy behaviour is then determined by the identification M 1 = M 2 = γ s (α s /N ). The result in momentum space is then easily recovered by inversion of the N -Mellin transform. We obtain
where the coefficients are expressed in terms of the following integrals
We evaluate numerically the above integrals; the results are tabulated in Table 1 
We note that when the fermion mass is kept finite, the cross-section for pseudoscalar Higgs production has the expected single-logarithmic behaviour. The coefficients of the LLx singularities differ from the scalar Higgs case [9] . As a check of our procedure we have compared our asymptotic behaviour to the small-x limit of the full NLO calculation of Ref. [2] and we have found perfect agreement. As an example in Fig. 1 we plot the O(α s ) coefficient function in the quark-gluon channel C
(1) qg in the case of just a top quark running in the loop, as a function of x. The green dashed curve is the effective theory result, which exhibits the spurious logarithmic growth at small x, while the solid curves are for m t = 172.0 GeV and m A = 100, 200, 300, 500 and 1000 GeV respectively. When the fermion mass in the loop is kept finite the coefficient function has the expected constant behaviour at small x, which is in numerical agreement with the coefficients in Table 1 , once multiplied by the appropriate colour factor C F .
Rapidity distribution
The formalism which enables one to resum high-energy enhanced contributions has been recently extended to the case of rapidity distributions [21] . The production of a pseudoscalar Higgs via gluon gluon fusion is particularly simple because the leading order process is 2 → 1 and thus the kinematics is trivial. The case of scalar Higgs production has been studied in [21] ; the structure of the result is the same for pseudoscalar case, the only difference being the values of the numerical coefficients computed in Tables 1 and 2 . We write the rapidity distribution at the parton level as qg in the case of just a top quark running in the loop, as a function of x. The green dashed curve is the effective theory result, while the solid curves are full result [2] for m t = 172.0 GeV and m A = 100, 200, 300, 500 and 1000 GeV (from top to bottom)
The small-x limit of the different contributions are
4 Improvement of the NLO and NNLO cross-sections
In the spirit of Ref. [13, 14] we construct an approximated cross-section by matching the coefficient functions computed in the effective theory C (n) ij (x; ∞), which are valid at large x, to the asymptotic behaviour at small x, computed keeping the mass of the fermions finite C (n) ij,small x (x; τ f ). We concentrate first on the case of a top loop, which gives the dominant contribution at small tan β. We define
We start by considering the NLO case (n = 1), where the full result is already known. The spurious logarithmic growth of the effective theory at small x must be replaced by a constant behaviour. The matching point x 0 can be chosen at the intersection of the m f → ∞ curve with the asymptotic constant. Subleading terms, which vanish at small-x, can be adjusted to ensure continuity.
At the NNLO level (n = 2) the effective theory exhibits a cubic logarithmic behaviour, while the full theory has only a single logarithm. The approximated cross-section is constructed subtracting from the effective theory result all those terms which do not vanish at small x. However, at this order, the matching is more ambiguous because we only control the LLx behaviour, i.e. the coefficient of the single logarithm but we do not know the constant. Following [14] we choose to match the two curves at the point where the slope of the effective theory curve, on a logarithmic scale, approaches the correct asymptotic behaviour. The constant is then adjusted requiring continuity of the coefficient function. This method ensures that the approximated coefficient functions Eq. (37) and their first derivatives are continuous functions of x. As an example, in Fig. 2 we plot the NNLO coefficient function for the gluon-gluon subprocess, in the effective theory and in our approximation for different values of m A = 100, 200 and 500 GeV, in case of a top quark running in the loop. In case of small tanβ we can neglect the contribution coming from b-quark loops. In order to asses the numerical impact of finite top mass effect coming from the hard part of the partonic coefficient functions, we compute K-factors, defined as
using MSTW08 NNLO parton distribution functions [22] for proton-proton collisions at √ s = 14 TeV.
We obtain: K t = 1.000, m A = 100 GeV,
The K-factors clearly shows that at small tan β, where the top quark contribution dominates, finite fermion mass effects are small in a wide range of the pseudoscalar mass, reaching a few percent only above the two-top threshold.
Our calculation of the LLx behaviour also includes the effect of a bottom quark running in the loop as well as the top-bottom interference. These contributions cannot be neglected at large tan β. However, at first sight, it is not clear how to use this information in a NNLO matched calculation. The mass of the b quark is much smaller than m A and hence an effective theory where this contribution is integrated out is not justified. However, we notice that the large x behaviour of the coefficient function, being dictated by soft gluon effects, does not depend on the fermion mass. The effective theory result is exact in the x → 1 limit. This contribution dominates the gg → A cross-section after convolution with the parton densities. It was indeed suggested that an effective theory where the bottom quark has been also integrated out could be, a posteriori, a reasonable approximation [23] . Therefore, we argue that a matching procedure like the one suggested for the top quark, should capture most of the contribution. However, we do expect the uncertainty to be larger as uncontrolled, mass-dependent terms at moderated x play a more relevant role. In order to asses the impact of finite fermion mass effect we compute K-factors, defined as the ratio of the matched inclusive cross-section to the effective theory result, for which top and bottom are both infinitely massive. For tan β = 10, we find: 
The K-factors show that, as expected, finite mass effects are more pronounced when we include the bottom in the loop. They are of the order of a few percent at low values of the pseudoscalar mass, reaching 5% for m A = 500 GeV. However, we should stress that the matching procedure and the use of the effective theory at moderate x are less under control than in the small tan β case, where we only have to deal with the top quark. For this reason these K-factor should be taken as an estimate.
Conclusions and Outlook
In this letter we have computed the leading small x singularities of the cross-section for pseudoscalar Higgs production in gluon gluon fusion to all orders in the strong coupling constant. We have also determined the small x behaviour of the Higgs rapidity distribution to the same accuracy. We have included the contributions of top and bottom quarks, together with their interference, showing that the cross-section only exhibits single high-energy logarithms, as opposed to the calculation in the effective theory where the quarks are integrated out. We have explicitly evaluated the coefficients of the leading logarithms up to NNLO. In the spirit of Ref. [13, 14] , we have used our result to construct an approximation to the NNLO cross-section, by matching the effective theory result at large x to our asymptotic small x behaviour. In this way we can estimate the bulk of finite fermion mass corrections. At small tan β, where the top quark contribution dominates, we have found that they are small, reaching 1-2% only for m A ≥ 500 GeV. At large tan β the bottom quark contribution cannot be neglected. Including it in a similar way as we have done for the top, we have found an effect of a few percent. In order to refine this estimate, it would be important to match the small x behaviour to the asymptotic expansion in inverse powers of the fermion mass, of which the effective theory can be seen as the zeroth order term.
